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ABSTRACT

In this study we present approximate analytical expressions for estimating the variation in multipole
expansion coefficients as a function of the size of the apertures in the electrodes in axially symmetric
(3D) and two-dimensional (2D) ion trap ion traps. Following the approach adopted in our earlier studies
which focused on the role of apertures to fields within the traps, here too, the analytical expression we
develop is a sum of two terms, Aj noaperture, the multipole expansion coefficient for a trap with no apertures
and A, guetoperture, the multipole expansion coefficient contributed by the aperture. A; noaperture has been
obtained numerically and A; guetoaperture iS Obtained from the n th derivative of the potential within the
trap.

The expressions derived have been tested on two 3D geometries and two 2D geometries. These include
the quadrupole ion trap (QIT) and the cylindrical ion trap (CIT) for 3D geometries and the linear ion trap
(LIT) and the rectilinear ion trap (RIT) for the 2D geometries. Multipole expansion coefficients A, to Aj2,
estimated by our analytical expressions, were compared with the values obtained numerically (using the
boundary element method) for aperture sizes varying up to 50% of the trap dimension.

In all the plots presented, it is observed that our analytical expression for the variation of multipole
expansion coefficients versus aperture size closely follows the trend of the numerical evaluations for the
range of aperture sizes considered. The maximum relative percentage errors, which provide an estimate
of the deviation of our values from those obtained numerically for each multipole expansion coefficient,
are seen to be largely in the range of 10-15%. The leading multipole expansion coefficient, A;, however, is
seen to be estimated very well by our expressions, with most values being within 1% of the numerically

determined values, with larger deviations seen for the QIT and the LIT for large aperture sizes.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

In this third study (after Chattopadhyay et al. [8] and Chat-
topadhyay and Mohanty [7]) we continue to focus our attention on
apertures in the electrodes of RF ion traps. Here, we derive approx-
imate analytical expressions for multipole expansion coefficients
as a function of the size of the apertures in the electrodes. In this
study, we have considered two axially symmetric (3D) and two
two-dimensional (2D) ion traps.! The two 3D-geometry ion traps
investigated include the quadrupole ion trap, QIT [18,14], and the
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1 As pointed out in Chattopadhyay et al. [8], in this paper too the descriptor 3D
refers to traps with axial symmetry, and 2D to traps with planar symmetry. It should
be noted however, that the fields in both these traps are three-dimensional. In
our analysis we use the symmetry to simplify the analysis and carry out a two-
dimensional analysis of these traps.
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cylindrical ion trap, CIT [12,24]. The two 2D-geometry ion traps
include the linear ion trap, LIT [4], and the rectilinear ion trap, RIT
[17]. In these ion traps, apertures (holes in the case of 3D and slits
in the case of 2D) are machined in appropriate electrodes for the
entry of electrons and the collection of destabilized fragment ions.

Multipole expansion coefficients [3] influence trap performance
as well as ion dynamics in the trap. Their influence in the study of
trap performance occurs on account of the appearance of the lead-
ing coefficient, A,, in the numerator of the expression for the two
Mathieu parameters a and q (e.g. [2]). These two parameters deter-
mine, for instance, voltages of ion destabilization in mass selective
boundary ejection experiments [21] and the secular frequency of
the ion. The influence of multipole expansion coefficients on ion
dynamics can be seen in the studies of Franzen et al. [10], Sudakov
[22], Abraham et al. [1] and Rajanbabu et al. [19,20]. In these stud-
ies higher order multipole expansion coefficients appearing in the
governing equation of ion motion were used to understand ejection
dynamics in both mass selective boundary ejection experiments as
well as in resonance ejection experiments.

Currently, multipole expansion coefficients are routinely com-
puted using numerical techniques embedded in simulation
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packages such as ISIS [13], SPQR [16,15], ITSIM [5] and SIMION [9].
It is also easy to obtain, numerically, the variation in the multipole
expansion coefficients with variation in the size of the apertures in
the electrodes. What is not readily obtained in such an approach is
an insight into the nature of the contribution of the aperture size in
the electrodes to the multipole expansion coefficients. This insight
can be provided by analytical expressions which incorporate the
aperture size. The development of such analytical expressions is
the motivation of the present paper.

Following the method adopted in our earlier studies [8,7], which
used the theory of apertures on infinite, thin ground planes, here,
too, we superpose the multipole expansion coefficients obtained
in a trap with no apertures, to the multipole expansion coeffi-
cients obtained from the successive differentiation of the potential
expression due to apertures. Thus, we write,

Ap = An,noAperture + An,dueToAperturev (1 )

where Apnoaperture 1S the n th multipole expansion coefficient in
a trap with no apertures and A; queToaperture 1S the n th multi-
pole expansion coefficient derived from the n th derivative of the
potential or field expression due to apertures. Ay noaperture, Obtained
numerically only once for a trap of a specified geometry, is the
multipole expansion coefficient in a trap with no apertures in the
electrodes. The expressions we present in the study are for ion traps
having electrodes with finite thickness.

Although the validity of this approach has been demonstrated
for the computation of on-axis and off-axis fields, the use of this
approach in the context of obtaining multipole expansion coeffi-
cients needs to be tested. This is because we have used successive
differentiation of the potentials for obtaining higher order multi-
pole expansion coefficients.

We add a caveat in regard to the contents of our paper. Having
obtained an analytical expression for multipole expansion coef-
ficients, we test it against numerically obtained values and not
against the fields it predicts. This is because testing for accuracy of
the fields it predicts requires an entirely different exercise involving
discussions, such as, the number of terms of multipole expansion
coefficients that needs to be considered. This is beyond the scope
of the present work. In view of this we have not undertaken any
convergence studies.

In the next section, a brief description of the numerical meth-
ods used in this paper for computing the multipole expansion
coefficients is provided. Section 3 presents the analytical approxi-
mation of multipole expansion coefficients with different hole radii
in axially symmetric 3D traps, and Section 4 presents the expres-
sions of multipole expansion coefficients with different slit widths
in top-bottom and left-right symmetric 2D traps. The analytically
estimated multipole expansion coefficients are compared with the
numerically computed multipole expansion coefficients for vary-
ing the aperture dimension from 0 to 50% of the trap dimension in
Section 5. Section 6 provides a few concluding remarks.

2. Numerical computations

The electrical potentials and multipole expansion coefficients
for any ion trap of known geometry, can be computed numerically
by using the boundary element method (BEM). The details of the
BEM used in this study have already been reported in Tallapragada
et al. [23] for the 3D traps and in Krishnaveni et al. [11] for the 2D
traps.

In the present study, multipole expansion coefficients have been
numerically computed for (1) obtaining A, noaperture, the multipole
expansion coefficients in a trap with no apertures, and (2) for the
purpose of verifying multipole expansion coefficients estimated by
our theory.

Fig. 1. (a) Schematic of an infinite thin metal plate with fields E;Z and EyZ on either
side, Z being the unit vector in the z direction, and (b) the same plate with a circular
hole of radius a.

3. Multipole expansion coefficients in 3D traps
3.1. Multipole expansion coefficients from the potential

In an axially symmetric ion trap, the potential U (in the spherical
coordinates) can be expressed as

U= <pi/\n (%)nPn(cos 9). )
n=0

where @ is the applied potential difference between the ring and
the endcaps. In our simulations, we have grounded the endcap elec-
trodes and applied unit positive potential to the ring electrode. A,
are the multipole expansion coefficients, and r and 6 are spherical
polar coordinates. P, represents the Legendre polynomial of the n
th degree and L is the normalizing length. In our simulations, we
have chosen L to be the inner waist radius rg of the ion trap. Due to
axial symmetry, U does not depend on the ¢ coordinate. On the z-
axis, r=|z|, Pp(cos 6)=(signz)", and thus U = ‘DZ?;OAnZ"/L". The
multipole expansion coefficient, A,, can be obtained from the n th
derivative of U with respect to z, and is written as

p L1
T @ nl 9zn
z=0

(3)

when the potential U is available as an analytical expression as a
function of z. In our present study, we use the expression for U
derived in Chattopadhyay and Mohanty [7] which has the form

U= UnoHole + UdueToHole- (4)

where Upopole is the potential in the trap with no holes and
UdueToHole 1S the contribution of the hole to the potential within
the trap. Further, we propose that the multipole expansion coeffi-
cient of the n th degree, Ay, also be expressed in the same form as
Eq. (4) as

Ap = An,noHole + An,dueToHole~ (5)
where A, noHole iS the multipole expansion coefficient in a trap with

no holes in electrodes, and

L™ 3"UgueToHol

An,dueToHole = m $ ) (6)
z=0

In Eq. (5), Ap noHole N€€ds to be computed numerically for the trap

under investigation.

3.2. Analytical expression for multipole expansion coefficients in
3D ion traps

The contribution of a circular hole of radius a on a ground plane
atz=0(as shown in Fig. 1) to the potential on the z-axis, UgyeToHoles
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is given by Eq. (19) of Chattopadhyay and Mohanty [7], as

(Ey —EL)a

. 2
UdueToHole = 5 |:0“L' sign(o) — ;(O‘ arctano + 1)r} , (7)

where Ey and E; are the axial components of the electric field on
the z-axis above and below the ground plane on the z-axis before
the hole was introduced. (o, 7, ¢) are oblate spheroidal coordinates
related to the Cartesian coordinates by

x=a+/(1+02)1-12)cosep, (8)
y=a+/(1+02)(1-12)sing, 9)

zZ=aort. (10)

o, T, and ¢ have the ranges —co<o<oco,0<t<1,and —-w<¢<m. It
is discussed in Chattopadhyay and Mohanty [7], that on the z-axis,
T=1. Substituting =1 in Eq. (7) we get,

(Ey —Ep)a

. 2
UdueToHole = 5 [o sign(o) — E(U arctano + 1 )]

@ {a (% sign(o) — arctan cr) - 1}

_ (By—Epa {aarctanl—l} (11)
P o

But, on the z-axis, as T =1, using Eq. (10) we get o0 =z/ a. So, on the
z-axis, the contribution of the hole to the potential, UgyeToHoles 1S
given by

UdueToHole = MFm(Z/G), (12)
where,
F3D(§)=§arctar1% -1 (13)
and z/ a is denoted by ¢.

For a hole at z=z, the contribution becomes
UdueToHole = (Ey ;EL)aF3D (Z —azo) (14)

The contribution of a hole at z=z; to the n th multipole expan-
sion coefficient is, therefore,

A _ L anUdueToHole
n,dueToHole = — a-n____

(n)'® ozn 0
_ " Ey—Ep ) =)
T ()P man-1 F3p ( a ) (15)

where Fg'f)) denotes the n th derivative of F3p. The method used for

evaluating Fg'g is outlined in the next section, Section 3.3. The use
of Eq. (15) for determining the n th multipole expansion coefficient
in a practical trap, will now be discussed.

A trap with very thin endcaps having top-bottom symmetry is
shown in Fig. 2. Due to top-bottom symmetry for both the top as
well as the bottom endcaps Ey — E; = Eq — Eg. The total contribution
of the two holes to the n th multipole expansion coefficient becomes

n

An,dueToHole = (71157'@ b;;anio {Fgg (%) + Fgg (ZEO)] (16)

A more realistic axially symmetric trap with top-bottom sym-
metry is shown in Fig. 3. It has thick endcaps and bevelled holes.
As discussed in Chattopadhyay et al. [8] and Chattopadhyay and
Mohanty [7], a hole on a thick endcap electrode may be approxi-
mated as two separate holes on two parallel infinite thin ground
planes. For the trap shown in Fig. 3, the results of four such equiva-

lent holes on thin ground planes used to approximate the two holes
on endcap electrodes, are shown in Table 1.

Fig. 2. Axially symmetric CIT with thin endcap electrodes. (a) Trap with no holes in
the endcap electrodes and (b) the same trap with a hole of radius ao in the endcap
electrodes.

Fig. 3. Axially symmetric trap with thick endcaps. (a) Trap with no holes in the end-
cap electrodes and (b) the same trap with bevelled holes in the endcap electrodes.

For thick electrodes, then, A gyeToHole €an be written as

L —Eo () ( %0 m) (2o
T oan)'® [a81 (F3D ( g >+F3D <00)>
LB (g (z2 | pm (2 (17)
azilfl 3D W 3D a :

In order to obtain A, (Eq. (5)), Ap dueToHole (Obtained from Eq.
(17)) is added to A, noHote Which is computed numerically.

An,dueToHole

3.3. Derivatives of F3p: recurrence relations for derivatives of F3p

The first three derivatives for F3p are derived as

Fp(8) = arctan% -3 f{z, (18)
vy 2

F3p(8) = RIS (19)

Table 1

Locations of the planes from the centre of the trap, radii of the four holes, and field
differences for the four equivalent holes corresponding to a practical trap shown in
Fig. 3.

Ground plane location ~ Radius  Upper field Ey Lower field E;. Ey—E;
ZS7) a E] 0 El
z=2 aop 0 Eo —Eo
Z=—2p dop 7E0 0 7Eg
z=—z a 0 —E; Eq
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and
8¢
7(1 N 4_2)3. (20)

For n>2, F"(¢) is of the form o (2)/(1 + ¢2)", where ay is a
polynomial of degree n — 2. To derive a recurrence formula for o
we note that

F3p(8) =

o0 it e
_oooE) on(&)
- Gtoy 2n§(1+§2)n+1- (21)

Multiplying the left and right hand sides of Eq. (21) by
1+ gz)”“ we obtain the required recurrence formula:

ani1(¢) = (14 £2)ap(£) — 2ngan() (22)

This recurrence starts with n=2 for a @;(¢)=— 2. No problems were
encountered in the computation of derivatives up to order 12, as
reported in this paper. However, no rigorous check of the stability
for large n values was attempted.

4. Multipole expansion coefficients in 2D traps
4.1. Multipole expansion coefficients from potential

In a two-dimensional trap, the potential, U(p, ¢), can be
expanded in terms of multipole expansion coefficients (in the polar
coordinate system) as

U(p.$)= > (%)"(An cos(n) + Ba sin(ng)). (23)
n=0

Here & is the applied potential between the x-plates and the y-
plates. In our simulations we have applied a potential of —1/2 to
the pair of electrodes on the y-axis, and a potential of +1/2 to
the other pair. p, ¢ are the polar coordinates. L is the normaliz-
ing length taken to be the minimum half-width between the pair
of electrodes on the x-axis in our simulations. Ap, B, are the multi-
pole expansion coefficients. When there is top-bottom symmetry,
the B, coefficients vanish. If there is also left-right symmetry then
only the even-indexed A, survive [11]. In such a case, the potential,
Usp(p, ¢), becomes

i 2k
Uan(p. #) = @3 (7)) (Ao cos(2kp). (24)
k=0
On the y-axis, p=|y|, and
/2
¢= { —m/2

Hence cos (2k¢)=cos(+km)=(—1)k. Thus the potential, Uyp,
becomes

U = @Y (-1(¥) Ane (26)
k=0

By following the approach given in Eq. (1), the multipole expan-
sion coefficient A,y in 2D traps can be written as

ify>0

ify<o (25)

Aok = Aok noslit + Aok dueToslit (27)

In Eq. (27), the multipole expansion coefficient Ay queTosiic €an be
computed from the 2k th derivative of the potential with respect
to y. Ay nosiic 1S obtained numerically for a given trap geometry.

Fig. 4. 2D trap with slits in thick electrodes. (a) Trap with no slits in the electrodes
and (b) Trap with bevelled slits in the electrodes.

Therefore, the even multipole expansion coefficients,
Ak dueToslit» Can be expressed as
k
L2k (_1) a(Zk)UdueToSlit (28)

Ak dueToslit = @ (2k)! (20

4.2. Analytical expression for multipole expansion coefficients in
2D traps

In our study, we use the analytical expression derived in Chat-
topadhyay and Mohanty [7] for the contribution of the slit to the
potential, Ugyetosiit» Which has the form

-EL e
UdueToslit = —————ae”*!sinv. (29)

Here Ey and E; are the y components of the electric field on the
y-axis above and below the ground plane before the hole was
introduced. (i, v) are elliptic coordinates related to the Cartesian
coordinates by

X =a coshucosv, (30)
y =a sinh usinv. (31)

Here 1 and v have the ranges —oo< 4 < o0, and 0 < v < 7r, respectively.
On the y-axis, v=7/2, and sinh p =y /a. The term e~!*Isin v in Eq.

(29) then becomes e™'#! = sinh || — cosh u = |y/al — 4/1 +(y/a)2.

Thus on the y-axis

Ey —Ep)a 2
UdueToSlit = % [— ‘Ja/' + 1+ (X) ]

Ey —Ep)a
— MFZD (%) , (32)
where

Fop(n)=—-Inl++/1+n2. (33)

Here 7 is used for y [ a. For a slit at y =y, Eq. (32) becomes

UdueToslit = fu 5 b aFyp (y yo) (34)
a
Following the treatment in the 3D case in Fig. 4, we consider a slit
on a thick electrode as a combination of two separate slits on two
parallel infinite thin ground planes. As a result, four such equivalent
slits on ground planes approximate the two slits in electrodes as
shown by Table 2.
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Table 2
Locations of the planes from the centre of the trap, half-widths, and field differences
for the four equivalent slits corresponding to a practical trap shown in Fig. 4.

Ground plane location Half-width Upper field Ey Lower field E;, Ey —E;
y=n ay E; 0 Eq
Y=Yo dp 0 Ep —Eg
==Yo o —Eo 0 —Eo
y==n ap 0 —E; Eq

The contribution of the slits to the 2k th multipole expansion
coefficient Ay queTosiit. is then found to be

L2k (_1)k —Eo (2k) (—Yo (2k) (Yo
Ak, dueToslit = B 202k)1 | g2k-T (FZD (E) +Fp (%))
0

Eq k) (=Y (2k) (V1
+ o (B () v (&) |- (33)
1

Similar to the case of the 3D traps, here too the multipole expan-
sion coefficient Ay (Eq. (27)) is obtained by summing Ay nosiit
which is obtained numerically, and Ay gueTosiic (EQ. (35)).

Fig.5. Cross-sectional view of the QIT. The geometry parameters of the QIT indicated
in the table are in mm.

Table 3
Maximum relative percentage errors for multipole expansion coefficients, A;-A12
for the QIT.

Ay Ay As Ag A1 An
3.58 14.47 20.27 14.85 12.67 1143

4.3. Derivatives of F,p: recurrence relations for derivatives of Fop
The first three derivatives of F,p are

d (36)

Fy(n) = —sign(n) + ——1—,
20 Va+)

Fig. 6. Comparison between the approximated (Eq. (5)) and actual (BEM) values of multipole expansion coefficients from A, to A;, in the QIT for aperture dimension
varying between 0% and 50% of trap dimension. The crosses correspond to values obtained numerically, and the continuous line corresponds to values obtained using our

approximation.
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Table 4
Maximum relative percentage errors for multipole expansion coefficients A;-A1
for the CIT.

Az A4 AG AS A]O AIZ
0.69 2.87 143 427 475 7.49
Fjp(m = ——— (37)
2D (1 N 772 )3/2 3

and

Fyp(i) = —— . (38)
P (1)

Forn>2, Fé'g(n) is of the form B,(n)/(1 + n? )((2”_1)/2), where 5,
is a polynomial of degree n — 2. To derive a recurrence formula for
Bn we note that

ﬁnﬂ(’?) (n+1) d (n)
W = FZD (’7)= Tn(FZD(n))=

Ba(m)
(1 + ,72 )((2"—1)/2)

Bn(n) (39)

—(2n - 1)77—(1 N ,72)((2n+1)/2) .

Multiplying the left and right hand sides of Eq. (39) by
1+ ;2)((2"“)/ %) we obtain the required recurrence formula as

Bri1(m) = (1 +1?)By(n) — (2n — 1)nBa(n). (40)

Fig. 7. Cross-sectional view of the CIT. The geometry parameters of CIT given in the
table are in mm.

This recurrence starts with n=2 for a 85(n)=1. As in the case of
the 3D analysis, no problems were encountered in the computation
of derivatives up to order 12. Here too, no rigorous check of the
stability for large n values was attempted.

5. Results and discussion

We now turn to verifying the validity of Eqs. (5) and (27) to
approximate the multipole expansion coefficients both in the 3D
and the 2D ion trap geometries, respectively. In order to do this,
we have chosen the QIT and the CIT to verify our expression for
the 3D traps and the LIT and the RIT to verify our expression for

Fig. 8. Comparison between the approximated (Eq. (5)) and actual (BEM) values of multipole expansion coefficients from A, to A;, in the CIT for aperture dimension
varying between 0% and 50% of trap dimension. The crosses correspond to values obtained numerically, and the continuous line corresponds to values obtained using our

approximation.
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the 2D traps. We will compare the estimated multipole expansion
coefficients obtained using Egs. (5) and (27) with those obtained
numerically. For each of the traps considered, we have plotted even
multipole expansion coefficients from A, to A1, for aperture dimen-
sions varying from 0% to 50% of trap dimensions. We mention that
such plots of multipole expansion coefficients from A4 to A4 have
also been computed and presented in Chattopadhyay [6], but those
have been omitted here for the sake of brevity. In each of the plots,
the crosses correspond to values obtained numerically, and the con-
tinuous line corresponds to values obtained using our expression.
We begin with the verification of Eq. (5) for the 3D traps and then
present the results obtained using Eq. (27) for the 2D traps.

In each of the plots, we have also calculated the maximum rel-
ative percentage error, €, defined by

€= |ABEM —Aest|max % 100 (41)
|ABEM Imax

where Aggy is the value obtained numerically using the BEM, Aeg; is
the value of the coefficient obtained by our theory and the subscript,
max, denotes the maximum error obtained.

5.1. Axially symmetric (3D) traps

5.1.1. The QIT

Fig. 5 presents the schematic diagram of the QIT and the dimen-
sions of the trap used in our simulations. In our simulations the
ring electrode was kept at unit positive potential and the endcap
electrodes were kept at ground potential.

Fig. 9. Cross-section of the LIT. The geometry parameters of the LIT given in the
table are in mm.

Figs. 6 presents the results for multipole expansion coefficients
Ay-A1y, for the QIT. The values of the coefficients are indicated
on the y-axis and the ratio, b, of the aperture dimension to trap
dimension (waist radius of the ring electrode), ag / ro, is indicated
on the x-axis. In these computations, zg, the distance from the cen-
tre of the trap to the endcap electrode, was recalculated for the
different aperture sizes to account for the change in this distance
when the aperture dimension was varied. The initial zy was fixed
at 7.071 mm.

Fig. 10. Comparison between the approximated (Eq. (27)) and actual (BEM) values of multipole expansion coefficients from A to A, in the LIT for aperture dimension
varying between 0% and 50% of trap dimension. The crosses correspond to values obtained numerically, and the continuous line corresponds to values obtained using our

approximation.
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Table 5
Maximum relative percentage errors for multipole expansion coefficients A;-A12
for the LIT.

Table 6
Maximum relative percentage errors for multipole expansion coefficients A;-A12
for the RIT.

Ay Ag As Ag A1o Az

Ay As As Ag Ao Az

6.19 6.21 22.67 15.05 16.36 14.08

1.75 11.91 3.35 13.04 9.92 12.69

Fig. 11. Cross-sectional view of the RIT. The geometry parameters of the RIT indi-
cated in the table are in mm.

Overall, it is seen that Eq. (5) captures the variation in the multi-
pole expansion coefficients very well for values of b between 0 and
0.5 when compared to the numerically determined values. This is
seenin all the plots, covering multipole expansion coefficients from
A, to Aqy. At lower values of b, the match is very close and devia-
tions occur between the two curves only at higher values of b. Ag
has the largest calculated maximum relative percentage error of
20.27% for the value of b of 0.5. Except for A, where the maximum
relative percentage error of 3.58% was calculated at a value of b of
0.5, all other multipole expansion coefficients have maximum rela-
tive percentage error between 10% and 16%. The maximum relative
percentage errors calculated for the QIT are presented in Table 3.

5.1.2. The CIT
Fig. 7 presents the schematic diagram of the CIT geometry used
in our simulations. The dimensions of the CIT geometry are given

Fig. 12. Comparison between the approximated (Eq. (27)) and actual (BEM) values of multipole expansion coefficients from A, to A;, in RIT for aperture dimension vary-
ing between 0% and 50% of trap dimension. The crosses correspond to values obtained numerically, and the continuous line corresponds to values obtained using our

approximation.
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Fig. 13. Variation of A for (a) the QIT of Fig. 5, (b) the CIT of Fig. 7, (c) the LIT of Fig. 9, and (d) the RIT of Fig. 11. In each subfigure the crosses indicate the values computed
numerically using BEM while the continuous line indicates the values estimated using our theory.

in the table associated with the figure. All the dimensions are in
mm.

For these simulations, the ring electrode was kept at unit posi-
tive potential and the endcap electrodes at ground potential. Fig. 8
presents the variation of multipole expansion coefficients A;-Aq3,
for the CIT. The values of the coefficients are indicated on the y-
axis and the ratio, b, of the aperture dimension to trap dimension
(radius of the ring electrode), ag [ 1o, is indicated on the x-axis.

As in the case of the QIT, Eq. (5) estimates the variation of mul-
tipole expansion coefficients with b very well when compared to
the numerically determined values as seen in the plots Ay-A1,. For
multipole expansion coefficients between A, and A1, Eq. (5) esti-
mated the coefficients for the CIT with greater accuracy than in the
case of the QIT. The other multipole expansion coefficients have
about the same range of maximum relative percentage errors as
for the QIT. What is interesting to note is that even at a b value of
0.5, Eq. (5) and the BEM output values are close in several plots.
The maximum relative percentage errors for multipole expansion
coefficients are given in Table 4.

5.2. Two-dimensional (2D) traps

5.2.1. The LIT

Fig. 9 presents the schematic diagram of the linear ion trap (LIT)
geometry used in our simulations. The geometry parameters are
given in the table below the figure. In our simulations, one pair of
electrodes (along the x-axis) was kept at a potential of +1 /2, and
the other pair of electrodes was kept at a potential of —1 /2.

Table 7
The relative percentage errors corresponding to b for A,.
b
0.0 0.1 0.2 0.3 0.4 0.5
QIT 0.00 0.04 0.09 0.40 1.47 3.58
CIT 0.00 —-0.01 —-0.08 -0.14 0.02 0.69
LIT 0.00 -0.16 -0.49 —-1.42 —-3.28 —-6.19
RIT 0.00 0.08 0.32 0.29 -0.33 -1.75

Figs. 10 presents the results for multipole expansion coefficients
A,-A1 for the LIT. The values of the coefficients are indicated on the
y-axis and the ratio, b, of the aperture dimension to trap dimension
(half-width of the trap at the waist), ag [ xg, is indicated on the x-
axis. In these computations, yg, the distance from the centre of the
trap to the electrode in the y-axis was varied when the aperture
dimension was varied to account for the change in this distance
when the aperture dimension was changed. The initial y, was fixed
at 10 mm.

Although Eq. (27) predicts the trend in the variation of multi-
pole expansion coefficients reasonably well when compared to the
values obtained using the BEM, there are deviations observed in all
the plots. For the lower order multipoles (Fig. 10), there is a consid-
erable deviation at high values of b, going up to a 22.67% deviation
at Ag. Table 5 presents the relative percentage deviation for the
multipole expansion coefficients.

5.2.2. TheRIT

Fig. 11 presents the schematic diagram of the rectilinear ion trap
(RIT) geometry used in our simulations. Its geometry parameters
are specified in the table below the figure. In our simulations, one
pair of electrodes (along the x-axis) was kept at a potential of +1 /2,
and the other pair of electrodes was kept at a potential of —1/2.

Figs. 12 present the results for multipole expansion coefficients
A, to Aq, for the RIT. The values of the coefficients are indicated
on the y-axis and the ratio, b, of the aperture dimension to trap
dimension (half-width of the trap in the x-axis), ag / Xg, is indicated
on the x-axis.

An inspection of Fig. 12 indicates a good match between the
values predicted by Eq. (27) and the BEM. The relative percentage
errors for multipole expansion coefficients are given in Table 6.

5.3. Quadrupole expansion coefficient A,

We turn to study how Egs. (5) and (27) predict the leading
multipole expansion coefficient, A, in comparison with the val-
ues obtained by the BEM. This has been done for different ranges
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Fig. 14. The symmetric excitation of a trap can be considered as a superposition of the conventional excitation case and an excitation in which all the electrodes of the trap

are at a constant potential.

Table 8
The multipole excitation coefficients for different excitations of the CIT.

Multipole expansion coefficient Symmetric excitation

Conventional excitation Same-potential excitation

Ao 0.21457707
Ay —0.71750510
Ag —0.11143501
Ag 0.12851469
Ag 0.01450078
Ao —0.02319540
A 0.00357666

0.71453932 —0.49996225
—0.71754998 0.00004488
—0.11138806 —0.00004695

0.12849740 0.00001728

0.01440797 0.00009281
—0.02325915 0.00006375

0.00353402 0.00004264

of b to give an idea of how well our theory predicts the multipole
expansion coefficients for different aperture sizes. Also, in order to
get an idea on whether our theory under-predicts or over-predicts
in comparison to the BEM, we have removed the modulus sign in
Eq. (41). The results are presented in Table 7.

It is evident that our theory performs reasonably well for most
cases, the exceptions being the higher values of b for the QIT and
the LIT, both of which have curved-surface electrodes.

5.4. Multipole expansion coefficient Ag

Finally, we discuss the variation of the multipole expansion coef-
ficient Ag with aperture size. Fig. 13 shows how Ay changes with
aperture size for the four traps discussed earlier. It is seen that our
theory does not predict the change in Ag very well. This is due to the
fact that the presence of the ring electrode and the truncation in the
endcaps are not accounted for by our theory. It should, however, be
noted that Ay does not contribute to the field inside the trap, but is
of importance when ions are transferred from one quadrupole trap
to another.

5.5. Choice of potentials applied to the electrodes

In response to a query by an anonymous reviewer, we briefly
consider what the multipole expansion coefficients would be if we
choose the symmetric excitation of a 3D trap instead of the con-
ventional excitation. In the symmetric excitation, the endcaps are
held at a potential of —® |2 while the ring is held at a potential of
@ [ 2. This is in contrast to the conventional excitation where the
endcaps are grounded while the ring is held at a potential of @.

The symmetric excitation can be considered as a superposition
of the conventional excitation and a constant-potential excitation
in which all the electrodes are held at —® | 2. Fig. 14 shows the three
excitations for @ =1. Since most traps are constructed in such a
way that the centre of the trap is well shielded from the outside by
the electrodes, the constant-potential excitation produces a very
weak field inside the trap. The potential due to this excitation is
nearly equal to the applied potential inside the trap. As a result, the
potential inside the trap due to a constant-potential excitation only
has very little of the multipole components other than the constant
component Ag. We consider the CIT of Fig 7 with a hole radius of

1 mm (10% of the ring inner radius). Table 8 shows the multipole
expansion coefficients for this CIT for the three types of excitations.
It is seen that Ag for the symmetric excitation is less by nearly 0.5
than the Ag for the conventional excitation. The other multipole
expansion coefficients change only marginally.

6. Concluding remarks

This study developed approximate analytical expressions for
calculating multipole expansion coefficients as a function of the
size of the aperture in the electrodes of axially symmetric (3D)
and two-dimensional traps. These expressions for multipole expan-
sion coefficients (Eqs. (5) and (27)) were obtained by superposing
two terms, one obtained numerically for a trap with no aper-
tures, Ap noaperture, and the other derived from the derivatives of the
potential within the trap. The expression for the potential within
the trap described by Chattopadhyay and Mohanty [7] have been
used in the present study.

Two 3D ion traps and the two 2D ion traps having electrodes
of finite thickness have been used for verifying the utility of the
expressions we have derived. The 3D traps investigated include
the QIT and the CIT; the 2D traps investigated are the LIT and
the RIT. The verification was done by comparing multipole expan-
sion coefficients obtained using our expression with those obtained
numerically using the BEM for the respective traps. Plots have been
presented for even multipole expansion coefficients between A,
andA1,,and for aperture sizes up to 50% of the characteristic dimen-
sion of the trap.

Our expression captures the trend of the variation of multipole
expansion coefficients in all the traps very well, with predictions
for the CIT and RIT being better than for the curved-surface elec-
trode QIT and LIT. This is to be expected since the theory developed
here used an infinite thin ground plane as its starting point. The
numerical values obtained from our expression also closely match
the numerically obtained value for lower aperture sizes, and a devi-
ation is seen only at higher values of aperture size. In many cases
where the relative percentage errors are large, these have to be
viewed in the context of the nominal value of the multipole expan-
sion coefficient itself being very small. Finally, it was also seen that
the theory presented in this study works particularly well for the
multipole A,, which is a multipole expansion coefficient often used
to study trap performance.
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At this point, we feel there is scope for further improving the the-
ory for getting a better match of multipole expansion coefficients
to values obtained by the BEM. For the 3D traps, in particular, one
aspect that we feel requires greater attention is the investigation of
the role of the ring electrode. In some preliminary investigations,
we did find that a better match was obtained when the height of
ring electrode in the CIT was reduced. What this implies will require
further investigations. For the 2D traps, as also for the 3D traps, we
feel a limitation of our theory stems from our starting assumption
that the electrodes are infinite in size. This approach may require a
review. If a new theory for finite size electrodes becomes available,
the approach we have adopted in this study, that of superposing
multipoles expansion coefficients in traps with no apertures to
coefficients contributed by the apertures, should provide a more
accurate formulation.
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